Purpose -The purpose of this paper is to present a simplified rigorous mathematical formulation of the problem of electric currents induced in thin shields with holes yielding more efficient numerical computations with respect to available methods. Design/methodology/approach -A surface integral equation satisfied by the current density was constructed, which is, subsequently, represented at any point by linear combinations of novel vector basis functions only associated with the interior nodes of the discretization mesh, such that the current continuity is everywhere insured. The existence of the holes in the shield is taken into account by associating only one surface vector function with each hole. A method of moments is then applied to compute the scalar coefficients of the vector functions employed. Findings -It was found that the induced current distribution for shields with holes having the complexity of real world structures can be determined with a satisfactory accuracy utilizing a moderate size processor notebook in a time of the order of minutes. Originality/value -The originality of the proposed method consists in using specialized surface vector functions only associated with individual interior nodes of the shield, its multiply connected structure being efficiently accounted for by introducing one unknown for each hole, instead of unknowns for every node along the hole contours. The method presented is straightforward and highly efficient for mathematical analysis of thin shields with holes, and of other physical fields in the presence of multiply connected surface structures.
Introduction
There are numerous methods developed specifically for the analysis of the quasistationary steady-state and transient magnetic fields associated with induced metallic shields. These include various finite difference and finite element techniques when taking into account the finite thickness of the shield and, also, surface integral equation formulations for thin shields. When the shield thickness is much smaller than the rest of its linear dimensions, application of the usual finite element method is not adequate. To avoid discretizing the region outside the shield, a hybrid finite elementboundary element method can be employed (Feliziani and Maradei, 1997) , which can also easily be adapted for nonlinear ferromagnetic shields. However, the fine discretization mesh inside the shield yields large system matrices that are not so well-conditioned. Discretizing the region inside the conducting material can be avoided by modelling the shields using a surface impedance that takes into account the relationship between the electromagnetic field quantities on their two sides (Tugulea and Fluerasu, 1974; Feliziani and Maradei, 1999; Buccella et al., 2005) .
For conducting shields with a thickness much smaller than the depth of penetration of the electromagnetic field, the density of the induced electric current can be considered to be constant along the perpendicular between the shield sides and distributed in the form of a current sheet whose density vector is tangentially oriented. This density can be expressed in terms of a surface scalar function such that the current continuity conditions are fulfilled, as shown in Kameary (1981) , where a Lagrangian equation formulation using as unknowns the nodal values of this scalar function has been presented for shields with no holes. Recently, Alotto et al. (2007) , a planar electric network was constructed to model the induced shield whose surface had been approximated by plane triangular surface elements, the unknowns being loop currents associated with the circuit nodes.
In the present work, the current sheet density induced in thin shields is determined as the solution of a surface integral equation. We employ a polyhedral mesh with triangular surface elements for the conducting part of the shield and use surface vector functions associated with the mesh nodes to express the current density. The current continuity conditions are satisfied over the surface elements, as well as for the edges between adjacent surface elements and for the edges along the shield boundary including the contours of the holes present in multiply connected shield structures. The important features of the proposed method consist in a small number of unknowns, namely, equal to the sum of the number of interior nodes and of the number of holes, and in an efficient modelling in the case of multiply connected shields.
Current sheet integral equation
As in the case of 3D structures in an unbounded free space, the time-harmonic integral equation satisfied by the surface density J s of the current induced over the surface S of a nonmagnetic thin shield is derived in the form:
where r s ¼ r=D is the surface resistivity, with D being the shield thickness, j ; ffiffiffiffiffiffi ffi 21 p , l ; f m 0 =2 with f the frequency and m 0 the permeability of free space, R ¼ jr 2 r 0 j with r and r 0 , respectively, the position vectors of the observation point and of the source point, A 0 is the magnetic vector potential due to external sources, and 27V is the electric scalar potential component of the electric field intensity. The boundary condition on S is n · J s ¼ 0, where n is the unit vector of the local normal direction. As shown in the next section, in the proposed formulation the presence of 27V in equation (1) can be ignored.
Numerical solution method
The current sheet on S is modelled by employing a discretization mesh and the surface current density is represented in terms of surface vector functions associated to the mesh nodes. In this paper, S is approximated to be a polyhedral surface with Modelling eddy currents in thin shields sufficiently small faces in the form of plane triangles. To each node i that is not on the outer contour of S we associate a surface vector function U i , such that on each face p containing the node i ( Figure 1 ):
where l ð pÞ i is the length vector along the edge of the face p that is opposed to the node i, oriented as shown in Figure 1 , and S p is the area of the face p. The function U i is null over all the surface elements which do not contain the node i.
It can easily be seen that the flux of U
q p being the unit vector in the plane of the face p perpendicular to the edge L ij in the direction shown in Figure 1 . The same value of the flux through L ij is obtained from the adjacent face. Therefore, expressing the surface current density as a linear combination of the functions U i defined by equation (2) ensures the current continuity through all the interior edges of the polyhedral surface; moreover, since the functions U i are constant over each face, their normal components are also continuous through all the interior edges and, thus, the zero divergence condition for the current density is satisfied everywhere over the discretized S. Therefore, we represent J s over S in the form:
where the functions U i are associated with the N interior nodes of S, while the functions W m are associated with the contours of the N h holes of the shield. No function W m needs to be associated with the outer contour of S. For each hole m, W m is defined as:
{m} representing the set of nodes i on the contour of the hole m. On each surface element p with one of its edges on the contour of the hole m, say the edge between the nodes a and b, W m has the expression: Figure 1 . A node i and associated surface elements
where l ð pÞ ab is the length vector along the edge considered. Thus, the flux of W ð pÞ m through and its normal component to the edge on the contour are equal to zero, which ensures that the conditions for the current density at all the points on the edges along the hole contours are also satisfied. The unknown coefficients a i and b m in equation (4) are determined by taking the inner products of the two sides of equation (1) with U n , n ¼ 1; 2; . . . ; N , and with W n 0 , n 0 ¼ 1; 2; . . . ; N h , and then integrating over the discretized S. With equation (4) substituted in equation (1), one obtains the following system of N þ N h algebraic equations in a i and b m :
with:
where:
for n ¼ 1; 2; . . . ; N and:
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for n ¼ N þ 1; N þ 2; . . . ; N þ N h ; with n 0 ; n 2 N . The system (7) has complex coefficients and only N þ N h unknowns, a i and b m , where N is the number of interior nodes and N h the number of holes. Its solution allows the calculation of the surface current density in equation (4) at any point on S.
It should be noticed that the electric scalar potential component 27V in equation (1) does not contribute to the surface integral over the discretized S. Indeed, for each face p one has (Figure 1) :
where ›ð pÞ is the contour of ( p) and n p is the unit normal to the face p. Thus:
since the contributions of the last two integrals in equation (19) are exactly compensated by the corresponding contributions from the adjacent faces p belonging to the set {i} of faces containing the node i. Similarly:
Illustrative results
Consider first an 80 £ 80 mm nonmagnetic conducting plane plate of thickness D ¼ 1 mm with four 20 £ 20 mm holes, as shown in Figure 2 . The conducting material has a resistivity r ¼ 0:3 £ 10 27 Vm. The inducing magnetic field is produced by a coaxial square turn carrying a sinusoidal current of 100 A rms with f ¼ 50 Hz, whose sides of 120 mm are parallel to those of the plate. The turn plane is at a distance of 10 mm from the plate. The mesh employed is shown in Figure 2 , and induced current lines are shown in Figure 3 . All the current line sketches presented in this section are taken at the moment in time when the induced current density has relatively high values, corresponding to a phase of 2pft ø 176 degrees of the current in the inducing turn.
In another computational example, a thin shield with four holes occupies a portion of the surface of a circular cone of equation x 2 þ y 2 2 4z 2 ¼ 0, the origin of the coordinate system being at the shield centre, with the z-axis along the shield's axis of symmetry, as seen in Figure 4 , where the generated mesh is also shown. The thickness of the shield D ¼ 1 mm and its projection on a plane z ¼ const has the linear dimensions of the plate considered in the first example. The inducing field is generated by a coaxial square turn that carries a current of 200 A rms with f ¼ 50 Hz. It has sides COMPEL 28,4 of 40 mm and its plane is at a distance of 30 mm from z ¼ 0, as shown in Figure 5 . Current lines induced in the shield are shown in Figure 5 .
In a third example, the shield occupies a portion of the surface of a paraboloid of revolution of equation x 2 þ y 2 þ 0:06z 2 0:36 £ 10 22 ¼ 0 and has seven holes, as Modelling eddy currents in thin shields shown in Figure 6 , where the mesh employed is also shown. D ¼ 1 mm and the projection of the shield on a plane z ¼ const is a disk of a diameter of 120 mm with seven identical 20 mm -diameter circular holes, one of them being concentric with the disk and the other six placed uniformly with their centres on a 80 mm -diameter concentric circle. The inducing turn has the same dimensions and carries the same Figure 7 , where induced current lines in the shield are also sketched.
Conclusions
The method presented in this paper is based on the surface integral equation satisfied by the current sheet density induced in thin metallic shields which is solved numerically by using a Galerkin method of moments with a novel choice of the set of vector basis functions such that the current continuity is ensured everywhere. Modelling eddy currents in thin shields
One surface vector function is attached to each interior mesh node and the existence of the holes in the shield is efficiently accounted for by associating only one surface vector function with each hole, corresponding to only one unknown introduced into the resultant matrix equation instead of unknowns for individual nodes along the hole contour. Thus, the total number of unknowns is equal to the sum of the number of interior nodes of the triangular mesh used and the number of holes in the shield. In the case of planar shields, the coefficients (9)- (18) of the system of equations (7) can simply be determined by an exact analytic integration. For the first case considered (Figure 2) , with a mesh of 1,403 nodes and 2,501 triangular surface elements, the computation of the induced current sheet density distribution required a time of only 100 s when using a dual-core 2.5 GHz processor notebook. For curved shields, the elements of the matrix of the system in equation (7) have to be calculated by numerical integration, the computation time being greater and depending on the imposed accuracy. Most of this time is spent on calculating the double integrals in equations (11), (12) and (16), (17), where the number of integration elements on the mesh plane triangles also depends on their size and on the distance between them. The current distribution shown in Figure 5 was obtained in about 10 min using the same notebook and a mesh of 1,403 nodes and 2,501 triangular elements, while that in Figure 7 required 8 min for a mesh of 1,216 nodes and 2,087 triangular elements.
Once the current distribution is determined, the magnetic field intensity at various points due to the induced shield is obtained by simple superposition of the fields produced by the current density of the plane triangular surface elements. 
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